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Abstract 

The generalized Cremmer-Gervais i?-matrix being a twist of the standard i?-matrix 
of SLq{3), depends on two extra parameters. Properties of this i?-matrix are discussed 
and two dynamical systems, the quantum group covariant g-oscillator and an integrable 
spin chain with a non-hermitian Hamiltonian, are constructed. 
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1 Introduction 

A variety of integrable models of the quantum field theory, classical statistical mechanics and 
quantum mechanics (systems with finite degrees of freedom) are studied using the quantum 
inverse scattering method (QISM) (see e.g. ll|]-0]). The main ingredient or a cornerstone of 
their solution in the framework of the QISM is the i?-matrix, a solution to the Yang-Baxter 
equation (YBE). Although there is plenty of known solutions, in particular, corresponding 
to any simple Lie (super) algebra [@, [Q, [Q, any new /^-matrix, even being connected one 
way or another to the known ones gives rise to a new set of integrable models. A simple 
method to get "new" i?-matrices from the standard ones (constant or spectral-parameter- 
dependent) is the twist procedure [§], 01- The multiparametric i?-matrix corresponding to 
the algebra gl{n) with ^n{n — 1) extra parameters on the diagonal, was obtained from the 
standard slg{n) _R-matrix { u = q — q^^) 

n 

^{(l) = ^(ieii(S)eii + Y^ en ® Cjj + ^uj Cij (g) Cji , (1.1) 

j=l i=j i<j 

where {eij)ab = ^ia^jb are basis matrices, by the twist F constructed from the generators of 
the Cartan subalgebra 

/?(g,fe,}) = F2ii?(g)Fi2 "S FeU{h)®U{h). 

In this paper we shall look for integrable systems related to a particular i?-matrix, so we shall 
write formulas in some fixed irreducible representations and not in the universal algebraic 
form of the quantum group theory 0, [§]. 

Recently it was shown that the i?- matrix Rcg{i) derived for the quantum Toda theory 
[|] is a twist of the standard i?-matrix of the slq{n) [jlO[, [0. We shall restrict ourselves to 
the case of the s/(3) algebra. 

An interesting feature of this generalized Cremmer-Gervais i?-matrix R{q,p, v) (the twist 
adds two more parameters to the original solution |^ of the YBE) consists of two new non- 
zero entries with respect to the standard R{q) 

R{q, p, v) = R{q) + (p - 1) (en (g) 622 + 622 ® 633) 

-f(p-i - 1) (622 ® en + 633 ® 622) + (pV? - l)eii ® 633 (1.2) 

+ {q/p^ - 1)633 ® en + qi' (632 ® ei2 - p'^/q^ei2 ® 632) . 

Due to these extra entries proportional to v the quantum space C^ commutation relations 
for (|1.2|) , which were obtained already in 0, are more complicated than for the s/(3) case: 
XiXj = qijXjXi, I < i < j < 3. They coincide with a deformed Heisenberg algebra ( q- 
oscillator ) Ag 

X2X1 = pqxiX2, X2X3 = {pq)^^X3X2, X1X3 — p^'^x^Xi = u X2 (1-3) 



after the identification xi = A ,X2 = K ,X3 = A'^ with some set of Aq generators (Sec. 3). 
Looking at a quantum group covariance property of this system: Xi — >• J2j Tij ® Xj and 
studying the corresponding differential calculus [|r^ the i?-matrix ( |1.2| ) was found also in 

There is no quadratic element (Hamiltonian) in Aq invariant with respect to the quantum 
group A{R) coaction: ip{xi) = J2jTij ®Xj. Hence, after coaction one gets more complicated 
Hamiltonian in a tensor product of representation spaces of A{R) and Aq. We analyze in 
this paper the physical consequences of this transformation for a particular Hamiltonian 



according to the approach discussed in [|1J|, |T5 



The properties of the generalized Cremmer-Gervais i?-matrix i?(g,p, z/) and the corre- 
sponding quantum group A{R) and quantum algebra (a dual to the Hopf algebra A{R)) 
are discussed in Sec. 2. The quantum group A{R) and quantum algebra corresponding to 
the original Rcg = RiQ,Q^^^,^) were studied already in |16[. The next section deals with 
the g-oscillator interpretation of the quantum space Cg(-R(g,p, z/)). The different values of 
the deformation (g) and twist {p, v) parameters correspond to the different choice of the 



g-oscillator generators |T3, ^^- An integrable spin-chain Hamiltonian is discussed in Sec. 4. 
Although this Hamiltonian is not Hermitian due to the inequality {VRcgV 7^ 'PRcg, its 



structure coincides with the one of 191 where non- Hermitian Hamiltonians were used to 



describe some kinetic processes. Let us mention also a couple of recent papers |22, ^ p3 
demonstrating an active interest in different applications of the Drinfeld twist. 

Acknowledgements. PPK thanks the Helsinki Institute of Physics for the warm hospi- 
tality and support. This research was supported in part by the RFFI grants N 96-01-00851 
(PPK) and N 97-01-01152 (EVD). 

2 Properties of the generalized Cremmer-Gervais 
i?- matrix 

Although in the framework of the quantum group theory one uses such general objects as 
universal /2-matrix TZ & A^ A, where ^ is a quasitriangular Hopf algebra and universal 
twist element J-" G A® A, with appropriate properties (see, e.g. |^, |^, we will be working with 
finite dimensional matrices which are images of TZ and J-" in corresponding representations 
p, 71 of the quasi-triangular Hopf algebra A 

R={p®7i)n, F = {p®T^)T. (2.1) 

A twisted i?-matrix T?.^'^-' is given by the twist transformation P, ^ 

7^(■^) = T2{R-T-^ (2.2) 



of the original i?-matrix 7^, where T2\ = VJ-'V, and V is the permutation map in A® A. 
The twist element satisfies the relations in A^ A 0, 



and in ^ O ^ O ^ 



J^u (A (did)T = T^i {id O A) J^ . 



In the fundamental representation of the s/(3) algebra the generalized Cremmer-Gervais 
i?-matrix Rcg is defined by the standard R{q) ( |1 . 1| ) and the twist matrix F ||lT| 
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depending on two arbitrary parameters p and v 

R{q,p,iy)=F2iR{q)F-\ 

A twist transformation of /^-matrix related to the braid group R = VR, 

fliF) ^ pj^iF) ^ -pp^^Rp-^ = FRF-^ , 



(2.3) 



(2.4) 



(2.5) 



is a similarity transformation. Hence, the spectral characteristics of R and R^^^ are the 
same. In particular Rcg also satisfies the Hecke condition {uj = q — q^^) 



R^ = 1 + uR 

R = qP^+^ 



q-'P(-\ 



(2.6) 



where p(^) are projectors of rankP^'^^ = n{n + l)/2 and rankP^^^ = n{n — l)/2, n = 3 for 
the case of s/(3), we are interested in. 

Using the FRT approach [§], the standard notations of the QISM and a particular R- 
matrix, one can define a quantum group A{R) with a matrix T = {Tjj} of the generators 
satisfying the FRT-relation 



R12T1T2 = T2T1R12, or 



R,T®T 



0. 



(2.7) 



The quantum group A{R) associated with the original Crenimer-Gervais i?-niatrix was de- 
fined and discussed aheady in [Q and |l^ . In particular, the constructed quantum determi- 
nant was central. In the case of R{q, p, v) (p^.4|) the quantum determinant det^ T is not central. 



It can be defined by fusion procedure p, projecting T®^ = T1T2T3 to one-dimensional space 
of the g-antisymmetrizer 

The Yang - Baxter equation for R12 and the defining relations ( |2.7| ) mean that the blocks Rikji 

with fixed i,j give rise to a representation of the A{R) generators Tij. The corresponding 

quantum determinant of R{q,p, v) is not proportional to the identity 3x3 matrix although 

it is diagonal 

3 

detqi?(g,p,z/) = gdiag( — ,1,— ). (2.9) 

Projecting the commutation relation of T4 = I^^ T with T^^ = T1T2T3 = T(8>T®r®/ 

ni?,4(T®'T4) = iT,T'^')l[R,,, (2.10) 

j=i i=i 

and using the g-antisymmetrizer P123 ( P-8|) , one gets a compact matrix form of the commu- 
tation relations between detgT and Tij, provided the former is invertible 

(detgr)T(detgr)"^ = (det,i?)~^T (detg/2) , (2.11) 



where the r.h.s. is the usual matrix product of 3x3 matrices T and (|2.9| ). 

For discussing a quantum group A{R) coaction on quantum spaces, it is important to 
have a *-operation on A{R) and on the quantum space. Taking the deformation parameters 
real, q,p,i^ E R and applying a *-operation to the defining FRT-relation ( f^.7| ) one gets 

R12T2T* = T*T;Ri2, (2.12) 

where T* = {{Tij)*}. By the similarity transformation of this relation with matrices V and 
C ® C, where Cij = ^j,4-j, the relation ( p.l2| ) is reduced to the original form ( |2.7| ) 

R^^f^f; = f;f*Ri2 , f* = CT*C . (2.13) 

Hence, the *-operation on A{Rcg) can be defined as follows (cf. [|T^) 

T* = CTC. (2.14) 



This form of the ^-operation is vahd also for the quantum group in the SL{n) case with 
the matrix Cij = Si^n+i-j- The corresponding quantum determinant of the i?-matrix is also 
diagonal nxn matrix 

det,R{q,p, v) ^ diag(l, q^p/qT, . . ., (g'(p/g)")"-^). (2.15) 

Particular relations among parameters q and p result in the possibility of further restric- 
tions on the A{Rcg) generators (see the next section). 

The dual to A{Rcg) quasitriangular Hopf algebra with p = q^^^ was described in [1T6 |. 



The knowledge of the twist element JF permits to write the entries of the L-matrices in terms 
of the standard s/g(3) algebra generators. These quantities will not be used below and we 
end the discussion of the general properties of the quantum group and quantum algebra 
related to the generalized Cremmer-Gervais i?- matrix R{q,p, v). 

3 Quantum linear space of A{Rcg) as covariant 
deformed oscillator 

The quantum linear space of A{Rcg) as covariant algebra ( ^(i?(7G)-comodule algebra ), 
according to the general approach |p, 0, is generated by three elements Xj, z = 1, 2, 3; Xi = 
A, X2 = K, xs = A^ which satisfy relations (X* = (A, K, A'^)) 

R{q,p, u)X,X2 = qX^X, = qVX.X^ , (3.1) 

where X1X2 = X (g) X and X2X1 = PX1X2. 

In terms of the generators the defining relations are 

KA = pqAK, KA^ = —A^K, AA^ - p'^A^A = uK^. (3.2) 

pq 

The *-operation is: K* = K, {A'^)* = A . It is consistent with the *-operation of the 
quantum group ^(i?c'G)-coaction: 

X* = CX, T* = CTC {TXy = C{TX). (3.3) 

Although there are three parameters g,p, v in the defining relations (3.2), this A{Rcg)- 
comodule algebra is nothing but a g-oscillator algebra Aq. Using for the g-oscillator algebra 
the Arik-Coon generators (for a convenience of further identification we use q^ as the defor- 
mation parameter of Aq) 

[N, a] = -a, [X, a)] = a^ , aa^ - q^a^a = 1 (3.4) 



and doing a one-parameter transformation ||T7| 



a(A) = g-^^a, a\X) = a^q-^"" (3.5) 

one gets 

a{\)a){\) - g2(i-^)at(A)a(A) = g-^AA^ . (3.6) 

Hence, the relations among generators and parameters of ( |3.2| ) and ( |3.5| ) are as follows: 

A = a{X), A^ = a\\), K^ = ly-'q-^^^ , P = q^~^ ■ (3.7) 

The parameter of the harmonic oscillator deformation is q, while p = q^^^ refers to a choice of 
the g-oscillator algebra generators. Let us point out some special values of these parameters 
which are of particular interest: 

1) p = 1/q, K is a. central element, the Arik-Coon generators; 

2) p = g~^/^, A = 1/2 , the Macfarlane-Biedenharn generators ; 

3) p = q^'^,\ = 4/3 , one could call this case the Cremmer-Gervais generators, for the 
quantum determinant of the preceding Sec. is central for A{Rcg)', 

4) g = 1 (but p is arbitrary, due to appropriate limit of A ) leads to the standard harmonic 
oscillator with nonstandard generators. 

By construction, these generators ( ^.21 ) of Aq are covariant with respect to the linear 
transformation (coaction) of the quantum group A{Rcg) '■ ^' = TX 

A' = TnA + TuK + TisA\ 

K' = T21A + T22ir + Taa^t , (3.8) 

(At)' = T3iA + T32ir + T33At. 

This is a g-analogue of the Bogoliubov transformation of the canonical commutation 
relations. However, due to the noncommutativity of the corresponding coefficients Tij the 
physical meaning of this transformation seems different from the standard case, where it 
was used to transform a general quadratic Hamiltonian in question to a simpler, canonical 
form. The transformation (|3.9D is different also from the transformation of the g-oscillator 



generators with coefficients depending on the operator A^ |2J] for in our case \Tij , Xk] = 0. 
To illustrate the difference in the interpretation, let us start with the simplest case 4) 
of the standard harmonic oscillator with nonstandard generators. This case, having trivial 
deformation parameter g = 1, is reduced to a pure twist TZ = T2\T~^ . However, the gen- 
erators of the quantum group are non-commuting and one can construct easily irreducible 
representations of A{Rcg)- To have deformation (twist) of the group of the standard Bo- 
goliubov transformations, one can put now two out of nine generators of A[Rcg) to zero 
(T)2j = , j = 1 , 3. Then the quadratic relations of the remaining seven generators can be 
realized by operators of a Weyl pair VV = pVU with a unitary operator U and a Hermitian 

6 



V. Any irreducible representation of the reduced A{Rcg) is given by these operators and 
four parameters of the standard Bogohubov transformation. 

Any Hamiltonian H{A^ , A) (e.g. Hq = A^ A ) will be mapped under A{RcG)-coa.ctioia 
into an operator in the tensor product space of the harmonic oscillator space and the space 
of the Weyl pair operators U , V. The irreducible representations of the complete quantum 
group A{Rcg) is difficult to construct, because it is noncompact *-algebra (for the compact 



quantum SU{n) group see ||25[| ) 



We are using this example to illustrate once more the difficulties with physical interpre- 
tation of the group-coaction deformations [jl4|, |T^, when one tries to connect this coaction 



with symmetry properties of the covariant system. This point is especially important while 
deforming the kinematical groups ||26[| ). 



4 Integrable models of the QISM 

According to the QISM [|ll,0 one can construct a variety of integrable models, related to a 
given solution of the YBE (an i?-matrix). The importance of the corresponding spin-chain 
models is connected with possibilities to get different field-theoretical integrable models using 
different limiting procedures M. The extra parameters adding to the i?-matrix by a twist F 



are quite useful in this way. It was pointed out ||20| , that the twist of an i?-matrix 



R{u) -^ F2iRi2{u)F-^ = R^^\u) , 

preserves the regularity property 0: the existence of the spectral parameter value u = uq, 
where R{uo) is proportional to the permutation operator V. It is obvious, that from R{uo) 
^ P it follows 

i?(^)(no) = F2ii?i2(%)F-i~P. 

This regularity property is important to get local integrals of motion (see e.g. [1,2,3]). 

The Hecke condition leads to the spectral parameter dependent solution of the YBE 
through the Yang-Baxterization procedure ||21| 



R(u) =uR- -R'^ = {u- u-^)RcG + OJU^^L (4.1) 

u 

Let us remind that R{u) satisfies the YBE in the braid group form. 

The L-operator of the integrable spin chain coincides with the i?-matrix R{u) and the 
density of the Hamiltonian is (mq = ±1) 



H = Y.h 



n,n+li 
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Due to the fact that the twist transformation leads to the exphcit expression for the new 
i?-niatrix in terms of the old one and the twist element JF, one can get connection between 
quantum scattering data (the transition matrix) of initial and deformed integrable models 



Tt{u) = (p ® n){id ® Af ^21^-^ 



(4.2) 



where p and vr are representations of the quantum algebra in the auxiliary and quantum space 
respectively |2^. However, the general explicit expression for Tt{u) looks rather cumbersome. 
The formulae (4.2) includes (A^ — 1) iterations of the twisted coproduct At = JFAJF^^ . 
Introducing notations 

{id (g) A)J^ = J^i^23 , (id (g) A^'^^) J^ = {id ^ id (g) A) {id ^ A) J^ = J^i ^234 etc., (4.3) 

where the index 1 refers to the auxiliary quantum algebra (auxiliary space with irrep p). 
Using these notations one gets for the iteration of the twisted coproduct Aj 

Af = {td®At)At = J'2Sd®A){J'AT'^)J'23 = ^23^1,23A(=^)JT2^3^2"3' = X123 A^^) (Xisg)"' . 

(4.4) 
Hence, the formulae for the transition matrix Tt{u) of the twisted (deformed) spin chain on 
(A^ — 1) sites is the following 



Tt{u) = {p® 7r®(^-i)) X^2...N{{^d ® A^'''>)J^2inj^-')X^2\ 



N 



(4.5) 



Although the iterated coproduct is a similarity transformation of the original one (4.4), 
the transition matrices are related by a more complicated transformation, since the factors in 
(4.5) are not the inverse of each other. The Yang-Baxter algebra of the quantum scattering 
data {Tt{u))ij is more complicated than the S'L(3)-spin chain P^ due to the extra non-zero 



elements of Rcg{u) proportional to v. However, as in the case of the deformed (twisted) 
XXX^-spin chain [|19|, |^, the spectrum of the transfer matrix t{u) = trTtiu) is expected to 
be the same as for the S'L(3)-spin chain, taking into account the changed eigenvalues of the 
diagonal elements of Ttiu) on the reference (vacuum) state (0, 0, 1)*. The Bethe equations 
defining the two sets of quasimomenta have similar structure with obvious changes due to the 



parameter p ||2^. The second parameter z/ enters into the eigenvectors and adjoint vectors. 



5 Conclusion 

The twist transformation in the theory of quantum groups preserves the algebraic sector of 
the twisted Hopf algebra. Hence the representations of the twisted algebra are the same. 
However, the change of the coproduct has deep consequences for the R-matrix structure and 
for the corresponding integrable models, which rely on the tensor product of these represen- 
tations. The generalized Cremmer-Gervais i?-matrix, being a twist of the standard one, leads 
to more comphcated integrable systems. Two of these systems were studied in this paper: 
i) the covariant g-oscillator algebra, and ii) an integrable s/(3) spin chain. The covariance of 
the g-oscillator algebra under the g-Bogoliubov transformation results in preservation of the 
Aq structure in an extended dynamical system. We hope that further research and explicit 
knowledge of the twist element permits to calculate most of the characteristics of the twisted 
models in terms of the initial ones. 
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